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Proposition 1.1. (Ptolemy equation) $A,$ $B,$ $C,$ $D\in SL(2, \mathbb{C})$ trABCD $=-2$
$x=(\mathrm{t}\mathrm{r}A+\mathrm{t}\mathrm{r}BCD),$ $y=(\mathrm{t}\mathrm{r}B+\mathrm{t}\mathrm{r}CDA),$ $z=(\mathrm{t}\mathrm{r}C+\mathrm{t}\mathrm{r}DAB),$ $w=(\mathrm{t}\mathrm{r}D+\mathrm{t}\mathrm{r}ABC)$ ,
$u=(\mathrm{t}\mathrm{r}AB+\mathrm{t}\mathrm{r}CD),$ $v=(\mathrm{t}\mathrm{r}BC+\mathrm{t}\mathrm{r}AD)$
(1.1) $xz+yw=uv$.
(1.1) punctured surface group $SL(2, \mathbb{C})$






$a\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}A,$ $b\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}B,$ $c\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}C,$ $d\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}D,$
$x\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}BC,$ $y\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}CA,$
$z\ovalbox{\tt\small REJECT}-\mathrm{t}\mathrm{r}AB$
$x^{2}+y^{2}+z^{2}-xyz+(ad+bc)x+(bd+ca)y+(cd+ab)z+a^{2}+b^{2}+c^{2}+d^{2}+abcd-4=0$
$\mathrm{t}\mathrm{r}D=-2$ $L_{1}=x+a,$ $L_{2}=y+b,$ $L_{3}=z+c$
(1.2) $\frac{L_{1}}{L_{2}L_{3}}+\frac{L_{2}}{L_{3}L_{1}}+\frac{L_{3}}{L_{1}L_{2}}+\frac{a}{L_{1}}+\frac{b}{L_{2}}+\frac{c}{L_{3}}=1$ .
. Fuchs
$\mathrm{t}\mathrm{r}A=\mathrm{t}\mathrm{r}B=\mathrm{t}\mathrm{r}C=0$ (1.2) Markov $x^{2}+y^{2}+z^{2}=xyz$
Proposition 1.3. $A,$ $B,$ $C,$ $D\in SL(2, \mathbb{C})\}\mathrm{h}$
$ABA^{-1}B^{-1}CD=1$
$\mathrm{t}\mathrm{r}D=-2$ $L_{1}=-(\mathrm{t}\mathrm{r}A+\mathrm{t}\mathrm{r}BA^{-1}BC),$ $L_{2}=-(\mathrm{t}\mathrm{r}ABA^{-1}+\mathrm{t}\mathrm{r}B^{-1}C)$ ,
$L_{3}=-(\mathrm{t}\mathrm{r}A^{-1}+\mathrm{t}\mathrm{r}B^{-1}CAB),$ $L_{4}=-(\mathrm{t}\mathrm{r}AB+\mathrm{t}\mathrm{r}A^{-1}B^{-1}C),$ $L_{5}=-(\mathrm{t}\mathrm{r}C+\mathrm{t}\mathrm{r}ABA^{-1}B^{-1})$ ,
$c=-\mathrm{t}\mathrm{r}C$
(1.3)
$( \frac{L_{1}}{L_{2}L_{4}}+\frac{L_{2}}{L_{4}L_{1}}+\frac{L_{4}}{L_{1}L_{2}})+(\frac{L_{2}}{L_{3}L_{4}}+\frac{L_{3}}{L_{4}L_{2}}+\frac{L_{4}}{L_{2}L_{3}})-(\frac{L_{1}}{L_{3}L_{5}}+\frac{L_{3}}{L_{5}L_{1}}+\frac{L_{5}}{L_{1}L_{3}})$ $- \frac{c}{L_{5}}=-1$ .
2. Traces as parameters for representation space of apunctured surface group.
$m$ $g$ Fg, 1 $p$ Fg’,
$F_{g,m}’$ $G’(g, m)$








$(SL(2, \mathbb{C})$ ) $\mathbb{C}^{*}=\mathbb{C}\backslash \{0\}$
Proposition 21. $(\hat{R}’(0,3)$ ) $a,$ $b,$ $c\in \mathbb{C}$ $L_{1},$ $L_{2},$ $L_{3}\in \mathbb{C}^{*}$ (1.2)
( ) $A,$ $B,$ $C\in SL(2, \mathbb{C})$ trABC $=-2$ $a=-\mathrm{t}\mathrm{r}A,$ $b=-\mathrm{t}\mathrm{r}B$ ,
$c=-\mathrm{t}\mathrm{r}C,$ $L_{1}=-a-\mathrm{t}\mathrm{r}BC,$ $L_{2}=-b-\mathrm{t}\mathrm{r}CA,$ $L_{3}=-c-\mathrm{t}\mathrm{r}AB$ .
‘
$A=(\begin{array}{ll}-L_{2}/L_{3}-a a+L_{2}/L_{3}+L_{3}/L_{2}-L_{2}/L_{3} L_{2}/L_{3}\end{array})$ ,
$B=($ $-b-L_{1}/L_{3}-L_{3}/L_{1}-L_{1}/L_{3}-b$ $L_{1}/L_{3}L_{1}/L_{3}$ ),
$C=(\begin{array}{ll}0 L_{\mathrm{l}}/L_{2}-L_{2}/L_{1} -c\end{array})$
Proposition 2.2. $(\hat{R}’(1,1)$ ) $c\in \mathbb{C}$ $L_{1},$ $L_{2},$ $L_{3},$ $L_{4},$ $L_{5}\in \mathbb{C}^{*}$ (1.3)
( ) $A,$ $B,$ $C\in SL(2, \mathbb{C})$ $\mathrm{t}\mathrm{r}ABA^{-1}B^{-1}C=-2$








Lemma 2.3. $A,$ $B\in SL(2, \mathbb{C})$ $trAB=-2$ $\mathrm{t}\mathrm{r}A+\mathrm{t}\mathrm{r}B=0$ $A,$ $B$
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$\hat{R}_{ns}’(g, n)=$ { $\rho\in\hat{R}’(g,$ $m)$ : $\rho(G’(g,$ $m))$ $\mathrm{A}^{\mathrm{a}}$ }
$SL(2, \mathbb{C})$ $A\in SL(2, \mathbb{C}),$ $\rho\in\hat{R}_{ns}’(g, m)$
$(A, \rho)arrow\rho^{A}(g)=A^{-1}\rho(g)A$ $(g\in G’(g, m))$
Proposition 2.1 $L_{1},$ $L_{2},$ $L_{3}$ 22 $L_{1},$ $L_{2},$ $L_{3},$ $L_{4},$ $L_{5}$
orbit space $R_{ns}’(0,3),$ $R_{ns}’(1,1)$
$G’(g, m)$ $G’(0,3),$ $G’(1,4)$ $G’(0,2)$
Corollary. $A,$ $B,$ $C,$ $D,$ $E\in SL(2, \mathbb{C})$ trABCDE $=-2$ $L_{1}=-(\mathrm{t}\mathrm{r}A+$
trBCDE), $L_{2}=-(\mathrm{t}\mathrm{r}B+\mathrm{t}\mathrm{r}CDEA),$ $L_{3}=-(\mathrm{t}\mathrm{r}C+\mathrm{t}\mathrm{r}DEAB),$ $L_{4}=-(\mathrm{t}\mathrm{r}D+\mathrm{t}\mathrm{r}EABC),L_{5}=$
$-(\mathrm{t}\mathrm{r}E+\mathrm{t}\mathrm{r}ABCD),L_{6}=-(\mathrm{t}\mathrm{r}AB+\mathrm{t}\mathrm{r}CDE),L_{7}=-(\mathrm{t}\mathrm{r}ABC+\mathrm{t}\mathrm{r}DE),a=-\mathrm{t}\mathrm{r}A,b=-\mathrm{t}\mathrm{r}B,c=$
$-\mathrm{t}\mathrm{r}C,d=-\mathrm{t}\mathrm{r}D,e=-\mathrm{t}\mathrm{r}E$
$S(L_{1}, L_{2}, L_{6})+S(L_{3}, L_{6}, L_{7})+S(L_{4}, L_{5}, L_{7})+ \frac{a}{L_{1}}+\frac{b}{L_{2}}+\frac{c}{L_{3}}+\frac{d}{L_{4}}+\frac{e}{L_{5}}=1$ ,
$S(x, y, z)= \frac{x}{yz}+\frac{y}{zx}+\frac{z}{xy}$ .
3. Complexified $\lambda$ length.
31. $\rho\in\hat{R}’(g, m)$ $\mathrm{t}\mathrm{r}\rho$ $G’(g, m)$ free homotopy
class $F_{g,m}’$ $c$ $\mathrm{t}\mathrm{r}\rho(c)$
$F_{g,m}$ $p$
$\overline{c}$ $\overline{c}$ $p$ $c$
$\overline{c}$
$\overline{c}$ freely homotopic $c_{1},$ $c_{2}$ \acute \supset $(g, m)=(1,0)$
$F_{g,m}’=F_{g,m}\backslash \{p\}$ freely homotopic $\rho\in\hat{R}’(g, m)$
$L(c, \rho)=-(\mathrm{t}\mathrm{r}\rho(c_{1})+\mathrm{t}\mathrm{r}\rho(c_{2}))$
$\rho$
( $c$ complexified $\lambda$ length
32. $F_{g,m}$ $m$ freely homotopic $p$ $\overline{c}_{1},$ $\ldots,\overline{c}_{m}$
$p$
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$m\ovalbox{\tt\small REJECT}$” $\cdots$ , $\ovalbox{\tt\small REJECT}(d\ovalbox{\tt\small REJECT} 6g-6+2m+3)$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\backslash \{p\}$
$(i\ovalbox{\tt\small REJECT} 1\ldots d|\ovalbox{\tt\small REJECT})$ . $(\mathrm{c}_{\mathrm{b}}\ldots, c_{d})$ ,$m$ ideal $\mathrm{t}\mathrm{r}\mathrm{i}\ovalbox{\tt\small REJECT} \mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
Theorem 31. $\Delta=(c_{1}, \ldots, c_{d})$ $F_{g,m}’$ ideal triangulation
$\iota_{\Delta}$ : $R_{ne}(g, m)arrow \mathbb{C}^{d}$ $\iota_{\Delta}([\rho])=(L(c_{1}, \rho),$
$\ldots,$
$L(c_{d}, \rho),$ $\mathrm{t}\mathrm{r}\rho(c_{1}),$
$\ldots$ , tr\rho ( ) $)$
4. Rational representation of mapping class group.
4.1. $m=0$ $F_{g,0}=F_{g}$
$\Delta=(c_{1}, \ldots, c_{d})$ $F_{g}$’ ideal triangulation 2
$T,$ $T’$ $T\neq T’$ $\Delta$ $T\cup T’$
$d_{i}$ $\Delta’$ $\Delta$ ( ) elementary move
$T\cup T’$ $a,$ $b,$ $c,$ $d$ $a$ $c$ $a,$ $d$ $b,$ $c$
Proposition 1.1 (Ptolemy equation) $\lambda$ length $\circ$
(4.1) $L(c_{i}’)= \frac{L(a)L(c)+L(b)L(d)}{L(c_{i})}$ .
Theorem 3.1 $\Psi_{\Delta’,\Delta}=\iota_{\Delta’}0\iota_{\Delta}^{-1}$ $\mathbb{C}^{d}$
Theorem (R.C.Penner) $F_{g}’$ ideal triangulations $\Delta,$ $\Delta’$ elementary move
$F_{g}’$ ideal triangulations $\Delta,$ $\Delta’$ $\Psi_{\Delta’,\Delta}=\iota_{\Delta’}\circ\iota_{\Delta}^{-1}$
$\mathcal{M}\mathrm{C}_{g,1}$ $F_{g}’$ ( ) $\mathcal{M}C_{g,1}$ $h$ $F_{g}’$
ideal triangulation $\Delta$ $h^{*}\Delta=h^{-1}(\Delta)$ $F_{g}’$ ideal triangulation
$h$
$\mathcal{R}_{h}=\Psi_{h^{*}(\Delta),\Delta}$




$\lambda$ lengh $L_{j1},$ $L_{j2},$ $L_{j3}$
$\omega=\sum_{j=1}^{q}$ (dlog $L_{j1}\wedge d\log$ $L_{j2}+d\log L_{j2}\Lambda$ dlog $L_{j3}+d\log L_{j3}\wedge d\log L_{j1}$)
$(\mathbb{C}^{*})^{d}$ $\mathcal{M}C_{g,1}$ 2-
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